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Abstract 

We present a geometric formula which leads to relations between 
the Koschorke and Sanderson self-intersection operations in the bor- 
dism of immersions , and the cobordsim Steenrod operations of tom 
Dieck ^Sl- The proof uses techniques of Vogel ^3] to analyse the 
double-point immersion of a certain non-self-transverse immersion. 

1 Introduction 

Let /: M"'~^ S-> A'^" be a codimension k, self-transverse immersion of closed 
manifolds. (All manifolds and maps between them are assumed smooth, and 
closed means compact and boundaryless) . The r-fold self intersection set of 
f is dehned as 

Nr{f) = {nGN\\f'\n)\>r}. 
By the self-transversality of /, this is the image of an immersion 

of codimension rk, the so-called r-fold self-intersection immersion of /. In 
this way one obtains self-intersection operations in the bordism of immer- 
sions. These operations ipr have been studied by Koschorke and Sanderson 
(|7j), Vogel f jl4jl. Eccles and Asadi-Golmankhaneh ^ and others. In par- 
ticular, one has the identification due to Wells jlH] (and later generalised in 
jl4j and [Tj ) , of bordism groups of immersions as stable homotopy of Thom 
complexes. Then the ipr are induced by the James-Hopf maps 

hJ': QX QDrX 
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employed in the proof of the stable splitting of QX ( |^ , ^H] ) , where QX = 
lim^^oo J^'S'X and Dj.X is the r-th extended power of a pointed space X. 

The purpose of this paper is to present a formula relating the above self- 
intersection operations and tom Dieck's Steenrod operations in Cobordism 
theory ^S]. Any / as above represents a cobordism class [/] G MO'^(A^) by 
Quillen's geometric description of cobordism [Sj. We shall give an alternative 
description of the class V^[f\, where V'' : UO^{N) MO'^^{^P°° x N) is 
the internal Steenrod operation of US]- The universal principal Z2-bundle 
c: 5"°° — > ]RP°° may be viewed as a union of immersions of closed manifolds 
q: MP'. Form the Cartesian product immersion ci x f : S*' x M S-> 

MP^ X A^. We show (Theorem 16. 2|) that the double point self- intersection 
immersion V2(q x /) is in fact an immersion of two disjoint manifolds in 
M.P^ X N. One of these is the product immersion c x ip2{f)- The other 
immersion represents V^[f] after passing to the limit over /. 

Mapping our formula to Z2-cohomology, where the internal operation 
pk. H^(^N;Z2) ^ H'^''{RP°°xN) completely determines the classical Steen- 
rod squares, we obtain the following interesting result. Let us say that the 
immersion / represents both the homology class f*[M] G Hn-k{X]'L2) and 
its Poincare dual cohomology class in H'^{N;'L2)- 

Corollary 6.7. Suppose the cohomology class a G H^[N;Z2) is repre- 
sented by an immersion f : M"-'^ <^ iV". Then the element V^{a) G 

passage to the limit, from classes represented 

by the immersions ip2{ci x /)• 

The proof of the main result uses methods introduced by Vogel (in 14,) 
which allow us to replace the bordism class of an immersion / with the 
bordism class of a 'spreading' of /. Roughly speaking one extends / to an 
immersion of its normal disc bundle. This spreading is self-transverse by 
virtue of having zero codimension. Thus we have a way of analysing the 
self-intersection immersions of a non-self-transverse immersion, by looking 
at the self-intersections of the spreading. This has proved fruitful in the case 
of c x /, and it is hoped will yield further results. 

In §2 we discuss Steenrod operations from a general viewpoint, before 
specialising to give the geometric construction of the operations in MO- 
cobordism, and relating these to the classical case of Z2-cohomology. In §3 
and §4 we examine in detail the functors given by bordism of immersions and 
bordism of spreadings, as outlined in Vogel These sections necessarily 
mirror each other, as we shall find out in §5 that these functors are naturally 
isomorphic. In §6 we use the technical results of §5 to prove our main result, 
and tie this in with the constructions of 52. 
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2 Steenrod Operations in Cobordism 



Steenrod operations are cohomology operations arising from higher homo- 
topy commutativity properties of the product in a multiphcative generahsed 
cohomology theory. They were discovered in the case of Zp-cohomology by 
Steenrod analogous operations were found to exist in the cobordism 
cohomology theories by tom-Dieck ^H], and in K-theory by Atiyah 0. We 
are mainly interested in cobordism, where Quillen's geometric interpretation 
of cobordism classes as equivalence classes of suitably oriented proper maps 
of manifolds 8 allows for a particularly nice geometric construction of the 
so-called Steenrod-tom Dieck operations. 



2.1 Generalities on Steenrod Operations 

Let r be a positive integer and let G be a subgroup of the symmetric group 
Sr- Let EG be a contractible space with a free right G-action. The group 
G acts on the left of the r-fold smash product X^^ of any pointed space X, 
by permutation of the factors. 

Definition 2.1. The quotient space 

EG xg {*} 

is denoted by DgX, where Xq means we are factoring out by the diagonal 
action of G. The r-th extended power of X is the space Dg^X = Dj X . 

Note that any point e G EG gives a map i = i(.: X^"^ — > DqX by setting 

^( [-^1 ) • • • ) ^r] ) — [fij , . . . , X}.] . ^ 

Let E be a commutative ring spectrum, and let U^{X) denote the n-th 
reduced cohomology group of X in the cohomology theory represented by E. 

Definition 2.2. For any positive integer d, an external Steenrod operation 
of type (G, d) in E* is a family P = (P"'^ | n € Z) of natural transformations 

pnd. E"rf(x) ^ E^-^pcX) 

with the additional property that the composition 

i* o P""': E"°'(X) ^ E™'^(x^'^) 

is the r-fold exterior product x x^^ . 
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Thus there is a sense in which these operations 'extend the operation of 
raising x to the r-th power'. One may give additional axioms for the oper- 
ations, from which a myriad of properties may be derived (see for example 
jl3) . [llj). One may also define internal operations, using the generalised 
diagonal map 

Ag: BGAX = EGkgX^ DgX 
which maps [e, x] to [e,x, . . . , x] (here BG := EG/G). 

Definition 2.3. An external Steenrod operation of type {G,d) in E* gives 
an internal Steenrod operation (V"-'^ | n € by setting 

V""^ = A*go P"'^ : EJ"^{X) ^ E™'^(5G A X). 

Now let C be a vector bundle of dimension k with projection p: E{Q 

Definition 2.4. The rk- dimensional vector bundle 

1 XG : EG XG E{C f^ ^ EG XG ^(C)^") 

will be denoted by SgC? o,nd the bundle Ss,.C, = S^C will be called the r-th 
extended power of Q. 

Proposition 2.5. There is a homeomorphism 

TSgC ~ DgTC, 

where T denotes the Thom space of a bundle. □ 

Proposition 2.6. Let P = (P"^ | n G Z) be a Steenrod operation of type 
{G,d) in E* , and let t G E^'^(T() be a Thom class for the nd- dimensional 
bundle C- Then P'"^{t) G E'''"^{DgTC) is a Thom class for SgC- 

Proof. Let i : T(^^^ DgTQ be the map induced by the inclusion of a point 
in EG. By Definition 1^ 

r o p"'^(t) = t^^' G E™'^(rc'^'^), 

which is a Thom class for C,^'''\ The inclusion of a compactified fibre of SgC, 
factors as 

The Proposition follows by the definition of a Thom class. □ 
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The construction of such operations comes from higher homotopy com- 
mutativity properties of the product in E. For simphcity consider first the 
case when E is an i7-spectrum, meaning that its structure maps an- SE^, — >• 
E„+i are adjoint to homeomorphisms a„ : E„ — > QEn+i- Then a cohomology 
class a € E"'^(X) is represented by a map f : X —>■ End- The construction 
of DgX given above extends to give a functor from the category of pointed 
spaces and maps to itself; thus we have a map 

Daf: DcX^DcEnd- 

Now suppose that for each n G Z we have a map S,nd '■ DcEnd — > ^md- Then 
we have a naturally defined element i-*"'^(a) G E^^'^{DgX), represented by 
the composition CndoDcf, and this gives a Steenrod operation of type (G, d) 
in E*. 

Example 2.7. Take E to be the Eilenberg-Maclane spectrum HZp with p 
prime, and G = Zp < Sp. Maps S,n- DzpK{Zp,n) K{Zp,pn) may be 
constructed for all n using the commutativity of the x -product. This gives 
an external operation of type (Zp, 1) in \XLp. 

In the case G = Z2, the familiar Steenrod squares Sq^: H^{X;Z2) — > 
Z2) are obtained as follows- The corresponding internal operation 
applied to an element a G H^{X;Z2) yields an element V^{a) € ff^"'(MP°°A 
X;Z2)- By the Kiinneth Theorem, 

H*{RP°° A X; Z2) = Z2H «) H*{X; Z2), 

where w G i7"'^(MP°°; Z2) is the Euler class of the canonical line bundle. The 
action of the Sq^ on a are determined by the formula 

p«(a) = Y,w''-'®Sq'{a). 

i>0 

Now we turn to a set of examples where E is not an fi-spectrum, the 
external Steenrod-tom Dieck operations in the various cobordism theories. 
Let r denote one of the classical infinite Lie groups O, U, Sp, SO or SU, and 
let Mr denote the associated Thom spectrum. Let d be a positive integer, 
equal to 1 when F = O or SO, 2 when F = f7 or SU, and 4 when F = Sp. 
Let G be a subgroup of Sr when T = 0,U or Sp and a subgroup of the 
alternating group Ar when F = SO or SU. In 13 , T. tom Dieck proves the 
following. 

Proposition 2.8. There exists a (unique) external Steenrod operation P = 
(P"'^ I n G Z) 0/ type {G,d) in MF* . 
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The construction of these operations is similar to that given above, but 
involves slightly more (a Thom isomorphism). The vital point again is the 
existence of a map ^nd '■ DcMYnd — > M^md for each n G Z, which is deduced 
from the orientability of the relevant extended powers of universal bundles. 

Example 2.9. Take T = SO, d = 1 and G < A^. Let denote the 
universal SO{n)-hundle, with fibres M" and Thom space MSO{n). For ev- 
ery natural number n the extended power bundle Sc^n admits a classifying 
bundle map 

Cn- Sain Irn, 
~(r) 

since an even permutation of the factors of 7„ preserves the product orien- 
tation. Passing to Thom spaces and using Proposition \2.,5\ we get maps 
^n- DGMSO{n) — > MSO{rn) which yield a Steenrod operation of type 
(G,l) in MSb*. 

As a supplementary example we mention that the power operations in 
K-theory of Atiyah are external Steenrod operations of type {Sr,2). 

It should be clear from these examples that the Steenrod operations in a 
cohomology theory E* exist by virtue of certain extra structure on the ring 
spectrum E. This structure has been abstracted and codified in the notion 
of a ring spectrum, by May and others 0. They give a construction of 
the extended power spectrum Dr-E of a ring spectrum E. Then E is an 
ring spectrum if there is a sequence of maps of spectra ^r,i '■ DrTi'^^ E — > 5]''* E 
satisfying various compatibility relations. 



2.2 Geometric Construction of the Operations 

Having used the structure of the spectrum E to construct external Steenrod 
operations in E*, we may ask for a geometrical construction corresponding to 
this homotopical one. This is complicated in the classical case of HZp, where 
elements of H*{X;Zp) are represented by cocycles on singular simplices in 
X. However the situation is much simpler for the Steenrod-tom Dieck powers 
in cobordism, thanks to Quillen's geometric interpretation of cobordism [S]. 
Here we may give a simple and revealing construction of the operations 
in terms of proper maps of manifolds. We shall demonstrate this in the 
simplest case of MO-cobordism, which is also closest to the classical case of 
Z2-cohomology. For a thorough account of geometric cobordism, see Dold 

i- 

Let us assume that X is an n-manifold without boundary. It is well 
known that the unreduced bordism group MOn_fc(^) consists of bordism 
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classes of singular (n — A;)-manifolds in X, that is, bordism classes of pairs 
(M, /) where M"'~^ is a closed manifold and /: M X a continuous map. 
In fact such a pair (M, /) also represents a class in the unreduced cobordism 
group MO^{X), by the following procedure. 

We have an embedding z: X = X x {0} ^ X x for every K > 0, 
and if K is chosen sufficiently large the composition 

^n-k I^x^'^X xR^ 

will be homotopic to an embedding which is unique up to isotopy. This 
embedding f : M ^ X x has a tubular neighbourhood which is a 
{k + ivr)-dimensional bundle. Hence the Pontrjagin-Thom collapse gives a 
map from Ti^ Xj^ = {X x M^)-|- to MO{k + K), which represents a class in 

MO'=(X) = lim [J:^X+,MO{k + K)]. 

Now consider the set of all pairs (M, /) where M is an (n — /c)-manifold with- 
out boundary (not necessarily compact), and /: M ^ X is a proper map 
(meaning /~^(C) is compact whenever C is compact in X). One may put 
a suitable relation of cobordism on this set in such a way that the following 
is true (see f8_, Proposition 1.2). 

Proposition 2.10. The above procedure describes a well-defined map from 
the resulting set of cobordism classes to MO^{X), and this map is an iso- 
morphism. 

Thus we have a way of thinking of classes in MO^{X) as being repre- 
sented by proper maps of codimension-fc manifolds to X. These ideas are 
already evident in Atiyah's paper [2], where a Poincare Duality isomorphism 
MO„_fc(X) = MO'^iX) is demonstrated for closed n-manifolds X. Atiyah's 
isomorphism is given by the identity on representatives. 

Addition in MO* is given, as in the dual bordism theory, by disjoint union 
of manifolds, and the external x-product is given by Cartesian product. 
The contravariance is given (at least on the category of smooth manifolds) 
by a pull-back of transverse representatives. Given an element [(M, /)] G 
MO^X^i) and g: X2 ^ Xi a map of manifolds, there is a smooth map g' 
which is homotopic to g, proper, and transverse to /: M ^ Xi. Then the 
map 6 in the pull-back diagram 

X2 M M 

S ^ f 
X2 Xi 
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is proper, and this gives a homomorphism g* : MO'^(Xi) — > M0'^(X2) by 
setting g*[{MJ)] = [{X2 xx, M,5)]. 

Armed with this functoriahty we may define an internal product 

MO''{X) X MO\X) ^ MO'=+'(X) 

by setting [(Mi,/i)] U [{M2J2)] = A* [(Mi x M2, fi x /a)] where A: X ^ 
X X X is the diagonal map. These ideas will be explored in more detail in 
§3, in the setting of the bordism groups of immersions. 

We now proceed to the geometric construction of the Steenrod-tom Dieck 
powers in MO , restricting our attention to the simplest case where G = 
Z2 = giving operations of type (Z2, 1). We may take as -E'Z2 the infinite 
sphere S°° = IJ; "^'j where the non-trivial element of Z2 acts by the antipodal 
map. The quotient space under this action is MP°°. We shall describe, for 
each /c E Z, a natural transformation 

P*-': MO^'(^) = Mb^(^+) ^ Mb^^(-D2X+) = MO^^X^^^ X x X). 

Let [/] € MO''(X) be represented by a proper map /: M""*-' X"' 
of manifolds. For every / € N, the group Z2 acts freely on the product 

X M X M = X M^^) by {v,mi,m2) 1— > {—v,m2,mi), giving a quotient 
manifold x^.^ M^^). The map 

A/(/) := 1 x^, : 5' x^^ m(2) ^ xz, X^^) 

which extends / x / is a proper codimension 2k map of manifolds, and so 
represents an element [Az(/)] G MO^'^(S'^ x^a X^^^). One may easily check 
that this gives a well-defined natural transformation 

Pj:-. UO^{X) ^ MO'^^iS^ xza 

[/] - Mf)] 

for every A; € Z, / G N. 

Next we note that when / < m are natural numbers there is an embed- 
ding 

jT := ^^ 1^'^ : x^, X^^) ^ x^, x'^'\ 

coming from the usual embedding : 5' S"^ of spheres. The induced 
homomorphisms 

{jY')*: M02'=(5"^ Xz, X(2)) ^ M02^(5' xz, X(2)) 

form a direct system. To determine its inverse limit, we use the following 
lemma (see Rudyak (Hj, Corollary III. 4. 17). 
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Lemma 2.11. Let Y be a CW- complex filtered by finite sub- complexes Yn, 
71 G N. If ^ is a spectrum such that '/rj(E) is a finite Abelian group for all i, 
then the map 

E'=(y) ^ lim E'=(y„) 

is an isomorphism for all k. 

In particular, the well known fact 7r*(M0) = Z2[x2, 2:4, X5, . . .] (first 
proved in ^2j) gives that 7rj(M0) is finite Abelian, and we have 

We may also verify easily that (jf^)* oPm — whenever I < m. This allows 
us to define a map 

by the universal property of limits. 

Proposition 2.12. The operation {P^ \ k G 1^) described above agrees with 
that mentioned in Provosition \2.8[ 

Proof. This is essentially Satz 4.1 of ^Hl- D 



The corresponding internal operation (V^ | /c € Z) is obtained as follows. 
For each / E N there is a generalised diagonal map of manifolds 

A^^ :RP'xX = S' x^^ X S' x^^ X^^). 

We may define a natural transformation 

Vj:-. MO^'(^) ^ MO^^(MP' X X) 

by setting [/: M ^ X] = (A^^)*[Ai(/)]. Thus [/] is represented by 
the map £,i{f ) : MP' x X in the following pullback diagram 



. 5' xz, m(2) 



A/(/) 



MP^ X X xjX('K 



where (A^^)' is homotopic to A^^ and transverse to Xi{f). The induced 
maps (A^^)* form a morphism of direct systems, and so passing to the 
inverse limit we obtain the internal operations 

T'': M0''{X) M02''(MP°° x X). 
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2.3 Prom Cobordism to Cohomology 



The universal Thorn class /x: MO — > HZ2 gives multiplicative natural trans- 
formations from MO-(co) homology to HZ2-(co)homology, which we shall also 
denote by /U. In the case of homology, /i is the so-called Steenrod- Thorn ho- 
momorphism which takes the bordism class [/: M""'^ —)■ X] G MO„_fc(X) 
to f*[M] € Hn-k{X;I.2), where [M] G i7„_fc(M;Z2) is the fundamental 
class of M. In the case of cohomology, /i maps Thom classes to Thom 
classes, in the following sense. 

Proposition 2.13. Let C, he a vector bundle of dimension k, and let t G 

— A; ~. 

MO {TQ he a cobordism Thom class. Then fi{t) G H {T(;Z2) is a Thom 

class in ordinary cohomology. 

We have seen in section §2.1 that there are external Steenrod operations 
of type (Z2, 1) in both MO and HZ2 . Denoting both of these operations by 
P = {P^ I /c G Z), we have the following result which says that fi commutes 
with them. 



Proposition 2.14. 

X and all A; G Z. 



The following diagram commutes for all pointed spaces 



MO (X) 



pk 



2k 

MO iD2X) 



IJ- 



pk 



H\X-'L2) ^ H^\D2X-: 
Proof. By naturality, it suffices to prove that 

^oP^{t) =P''ofi{t), 

. k 

where t G MO {MO{k)) is the Thom class represented by the identity map 
1: MO{k) MO{k). But Jay Propositions IT^ and YTT^ both of these are 
the unique Thom class in H'^^{D2MO{k);1^2) of the second exterior power 
S2^k of the universal 0(A;)-bundle. □ 



3 Bordism of Immersions 

In this section we introduce the monoid I{N; of bordism classes of im- 
mersions of closed manifolds in a connected manifold N which admit a strict 
vector bundle morphism from their normal bundle to This describes a 
homotopy bifunctor in and Our exposition is based on the paper jl4j . 
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3.1 Definitions 



Let N'^ be a connected manifold without boundary of dimension n, and let 
C be a A;-dimensional vector bundle over a space X which has the homotopy 
type of a closed manifold. Consider all triples of the form {M^~^ , f ,v), 
where M is a closed (n — fe)-manifold, /: M S-> iV is an immersion with 
normal bundle and v: v{f) ^ C is a bundle map which is isomorphic 

on the fibres (we shall say that / has a ^-structure on its normal bundle). 

Definition 3.1. Two such triples (Mq, /o, vq) and (Mi, fi,vi) are bordant if 
there is a triple {W'^''^'^^,F,V), where W is a compact manifold, F: W 
N X I is an immersion transverse to N X dl such that the squares in the 
following diagram are pullhack squares 



Mn 



W 



Ml 



/o 



X {0} 



N xl 



h 



N X {1} 



and V : i^{F) C, is a bundle map restricting to Vi over Mj for i = 0, 1. 

Bordism is an equivalence relation, and the resulting set of bordism 
classes 'I{N; Q has a commutative monoid structure arising from the disjoint 
union of immersions. In fact this is an Abelian group if A; = dim{() > 1, 
hence we shall often refer to it as a bordism group. The class of the empty 
immersion provides a zero element. 



3.2 Functoriality 

The above construction of I{N; Q can be used to define a homotopy bifunc- 
tor to the category of commutative monoids, as we shall now explain. 

Let Ck denote the category of A;-dimensional vector bundles and strict 
vector bundle morphisms, by which we mean those vector bundle maps which 
map each fibre by a vector space isomorphism. It is clear how a morphism 
: C ^ in this category induces a homomorphism 

by composition. Bundle homotopic maps give the same induced map. Fixing 
the manifold N, wc have a covariant homotopy functor I{N; — ) from to 
the category CMon of commutative monoids. 
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The functoriality in N is given by a pullback construction on trans- 
verse representatives. Let V denote the category of smooth manifolds with- 
out boundary and smooth, proper immersions. Suppose we have a triple 
(M, /, v) representing the class [/] G I{N] ("), and let 51: Q ^ N he a mor- 
phism in V. We may choose a representative /' : M 9^ AT of [/] which is 
regularly homotopic to / : M ^->- N and transverse to 5 as a map to N. We 
then form the pullback square. 

QxnM — M 



6 



f 



Q 

The manifold 

QxnM = {{q,m) G g X M I g{q) = f'{m)} 

is compact since M is compact and g is proper. The map 5 is an immersion 
with normal bundle isomorphic to p*v{f') — p*i^{f), hence admits a bundle 
map p: 1/(6) i^{f)- Then we may set 

g*[f] = [{Q xr, M,5,v op)] eI{Q;C)- 

It is straightforward to check that this construction is well-defined and func- 
torial, and that regularly homotopic immersions of Q in A?^ give the same 
map I{N; () —>■ T{Q; Q. In fact, modulo some easy but tedious checking of 
details, we have proved the following. 

Proposition 3.2. The construction {N, Q Q gives a covariant 

homotopy bifunctor 

!{-; -) : V°PP xCk^ CMon. 

3.3 Products 

There is an external product 

I{N; X I{N'; C') ^ I{N x N';C x C') 

given by the Cartesian product of representatives. This is distributive over 
the addition. We may also obtain an internal product 

I{N;OxI{N;C')^I{N;CxC') 

by setting [/] U [g] = A*([/] x [g]), where A: A/" AT x AT is the diagonal 
embedding. 
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3.4 The self-intersection operations tpr'- I{—]C) —^Ii—]<SrO 

Let / : M^~^ S-^ N"" be a self-transverse immersion of a closed manifold M 
in a manifold without boundary N, and let r > 1 be an integer. We denote 
by J-{M; r) the open submanifold of the r-fold Cartesian product M^^^ which 
consists of ordered r-tuples of distinct points in M. The restriction 

of the r-fold product of / is an immersion transverse to the diagonal em- 
bedding A: ^ N^'^\ by the self-transversality of /. When we pull back, 



A.(/) ►.F(M;r) 



f(r)\ 



N ^ iV(^) 

we therefore obtain a closed submanifold 

A.(/) = {(mi, ...,mr)e T{M; r) \ /(mi) = . . . /(m,)} C J^{M; r) 

which is in fact a compact manifold of dimension n — rk. This manifold 
admits a free action of the symmetric group Sr which permutes the factors. 
The immersion iprif) is equivariant under this action, so we may factor out 
by the action to obtain the r-fold self-intersection immersion 

Mf)-- A.(/) ■.= Arif)/Sr^N 

[mi, ...,mr]^ /(mi) = . . . = /(m^) 
of the self-transverse immersion /. 

Proposition 3.3. Suppose the immersion f:M^N has a ^structure 
on its normal bundle. Then i^rif)'- ^r{f) ho-s a SrC-structure on its 

normal bundle (see Definition \2.4[ ) ■ 

Proof. We may take as ESr the space ^(R°°;r). Fix once and for all an 
embedding p: i'{f) ^ The normal fibre of iprif) above the point 

[mi, . . . ,mr] G Ar(/) is the unordered direct sum of the normal fibres of 
/ at the points rui, . . . ,mr. Hence we may define a strict vector bundle 
morphism Sr{v) : i^{ipr{f)) — > by setting 

Sriv)[xi,. ..,Xr] = [{pixi), . . .,p{Xr)), {v{xi), . . .,v{Xr))]. 

Note that Sr{v) is independent of the choice of p up to bundle homotopy, 
since such a p is unique up to isotopy. □ 



13 



Since any bordism class [/] G '^{N] Q contains a self-transverse immer- 
sion, and any two such representatives are bordant via a self-transverse 
bordism, we have the following definition. 

Definition 3.4. There are operations 

ijr-. X(-;C)^X(-;5,C), 
defined for each r > 1 by setting 

^Pr[{MJ,v)] = [{Ar{f),Mf'),Mv'))], 

where (M' , f , v') is a self-transverse representative of[f]. These self-intersection 
operations are natural transformations of set valued cofunctors. 

4 Bordism of spreadings 

Let A'^-i- be the one-point compactification of the manifold A^, and let TC, be 
the Thom space of the bundle C- In proving the homotopy classification 

X(7V;C) = [iV+,TC]s, 

which generalises an earlier result of Wells jl5j , Vogel introduces an auxiliary 
functor given by the bordism of spreadings. For pointed compact spaces X 
and Y he describes a monoid J'[X;Y), the so-called 'bordism group of 
spreadings of type Y in X\ This construction is functorial in both X and 
y, and there is a natural isomorphism of monoids (see §5) 

G: Z{N-X)^ J{N+-TO. 

Then Vogel goes on to show that the functor J{—;TC,) is classified by the 
space QTQ = \\mi^^Q!'T}TC,. The key observation for us is that the bor- 
dism class of an immersion / with normal bundle is determined by 
the classifying map of v{f ) and the bordism class of a spreading of / (an 
extension of / to an immersion of its normal disc bundle Du{f)). 

4.1 Definitions 

Let {X, A) be a pair of compact topological spaces, and let y be a pointed 
compact space with base point y. 
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Definition 4.1. A spreading of type Y in {X, A) is a triple {K, a, /3), where 
K is a compact topological space, a: K ^ X is a continuous map, and 
(3: {K,a~^{A)) {Y,y) is a continuous map such that the restriction of a 
to K — P~^{y) is a local homeomorphism. 

We may put a bordism relation on the class of all such triples as follows. 

Definition 4.2. Two spreadings {Kq, uq, Po) and {Ki,ai, (3i) of type Y in 
{X, A) are bordant if there is a spreading (L,^,^) of type Y in (X xI,AxI) 
such that the squares in the following diagram are pullback squares. 



L 



X X {0} X xl 

and ^\Ki = ft for i = 0,1. 



ai 



Xx{l} 



Now let X and Y be pointed, compact spaces with base points x and y. 
We denote the set of bordism classes of spreadings of type Y in {X, x) by 
J^{X; Y), and note that it has a commutative monoid structure arising from 
the disjoint union of spreadings, for which the class of the empty spreading 
acts as a zero element (compare §3.1). 



4.2 Functoriality 

Let CTop, denote the category of pointed, compact topological spaces, and 
pointed maps. We have the following analogue of Proposition 13.21 

Proposition 4.3. The construction (X, Y) — > J{X; Y) gives a homotopy 
bifunctor 

J{-,-): CTop°PP X CTop, CMon. 

Proof. It is clear that a pointed map t -.Yi ^ Y2 induces a homomorphism 

t,: J{X;Yi) ^ J{X-Y2) 

by sending [(JC, a,/3)] to [{K,a,t o /3)], and that a homotopy of such maps 
gives a bordism of the induced spreadings. This takes care of covariance 
in the second argument. For contravariance in the first, suppose we have a 
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map 4>' Xi ^ X2 oi pointed compact spaces, and a spreading {K,a,(3) of 
type y in X2. We can form the pullback square 



a 



Xi 



K 



a 



X2 



and set (t)*[{K, a, (3)] = [{Xi K, a', (3 o 0')]. One verifies that this gives a 
well-defined monoid homomorphism depending only on the homotopy class 
of 0, and the Proposition is proved. □ 



4.3 Products 

Let (X, x), iY,y), and iY' ,y') be compact based topological spaces. 

The smash products X A X' and Y AY' are also compact with base points 
X A x' and y A y' respectively. There are obvious quotient maps p: X y. 
X' ^ X A X' imd q: Y xY' ^Y AY' {so that xAx' = p{X V X') and 
yAy' = qiY\/Y')). 

Definition 4.4. Given a spreading {K, a, (3) of type Y in X, and a spreading 
{K',a',P') of type Y' in X' , their smash product is the triple 

{K X K',po{a X a'),qo (/? x /?')), 

which is a spreading of type Y AY' in X AX' . 

One may check that this gives a well-defined smash product pairing on 
bordism classes 

J{X- Y) X J{X'- Y') J{X AX';Y A Y'). 

4.4 The self-intersection operations '■ J{—', Y) Ji.—'^ DrY) 

We now introduce certain operations in the bordism of spreadings, which 
take the form of natural transformations of set-valued co-functors 



J[--Y)^J{--DrY). 

Let {K, a, (3) be a spreading of type (F, y) in {X, x). As in §3.4, let J^{K\ r) 
denote the configuration space of ordered r-tuples of distinct points in K. 
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We can form the pull-back square 

Aria) J'{K;r) 

X ^ 

Note that the space 

Ar{a) = {{ki,...,kr) G T{K;r) \ a{ki) = ... = a{kr)} 

admits a free action of Sr and is compact, hence the quotient space 

Ar{a) ■.= Ar{a)/Sr 

is also compact. The equivariant map ^'r(a) induces a map ^'r(a) : Ar{a) 
X. 

Now let p: — > be a continuous injective map. Again taking ESr 
to be the space T(R.°°;r), we define a map : Ar{a) D^Y by setting 

Srmki kr] = Mki), . . .,pikr)), {(3{kl), . . . 

Note that Sr{l3) is independent of the choice of p up to homotopy, since 
any two such p are homotopic through continuous injective maps. One may 
then verify that the triple (Ar(a), "^r{ct),Sr{f3)) is a spreading of type DrY 
in X, and we obtain a well-defined function on bordism classes giving the 
following analogue of Definition 13.41 

Definition 4.5. There are operations 

^r-: J{-;Y)^J{--DrY), 

defined for each r > 1 by setting 

^r[{K,a,l3)] = [{Ar{a),^r(.a),Srm)]. 

These self-intersection operations are natural transformations of set-valued 
co-functors. 
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5 The Isomorphism O 



Suppose we are given a triple (M, /, v) representing the class [/] € I(A^; C)- 
Consider the unit normal disc bundle Du{f) of /. We can find an immersion 
F : Di'{f) S-^ N which extends / and is injective on the fibres. Such an 
immersion F will be called a spreading of the immersion f. 

Now suppose the bundle map v: z^(/) — > C was chosen to be isometric 
on fibres, so that we have a composition 

v: Dv{f) ^DC^ TC. 

Then the triple {Di'{f), F, v) is a spreading of type in N^, justifying the 
above terminology. In fact, this gives a well defined function 

9: I{N;C)^J{Ny,TO. 

Theorem 5.1. G is an isomorphism of monoids, and is natural in the 
following sense. If g: Q N is a proper immersion and rj: C ~^ ^ 'i-s o, 
bundle map, then the following diagrams commute. 



Q 



(9, 



1]* 



I{Q;0~ J{Q+;TC) I{N;0 



Q 



Q 



JiN+;TC) 



Proof. The map G is evidently a monoid homomorphism. Vogel constructs 
an inverse T: J{Nj^]TC,) — > I{N]Q) for G, using a slight modification of 
the proof of Thom's theorem (0^, chapter IV) on the bordism of embedded 
submanifolds. 

Firstly, we may assume that C is a smooth /c-vector bundle over a man- 
ifold X, whose total space E{C,) is therefore a manifold. This is because 
I{N\ — ) and J'{N^; —) are homotopy functors and X has the homotopy 
type of a manifold. 

Now consider a spreading {K,a,P) of type (T^,*) in A^+. By the defi- 
nition of a spreading. 



K-I3~^{i 



N 



is a local homeomorphism, hence K — (3 ^(*) has the structure of an n- 
manifold without boundary. Using arguments similar to those found in 
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Thorn's seminal work J^, /3 is homotopic rel to a map /?' : — > 

with the following properties: 

(i) P'\k-{i3')-'^{*)' ^ ~ ~^ E{C) is smooth and transverse to 
the zero section X ^ E((); 

(ii) M := {(3')~^{X) is a codimension k closed submanifold of K — 
whose normal bundle admits a bundle map v: u ^ C,. 

Now restriction of a to M gives an immersion f : M ^ N which again 
has normal bundle v. Hence we may set 

T{K,a,P) = {M,f,v). 

This passes to a well-defined function T : J'{N^;TQ — > I{N; C) on bordism 
classes. It is also clear that T o is the identity on I{N; Q. To prove that 
0oT is the identity on J'(N^; T(^), one may use the following lemma, which 
says that the bordism class of a spreading {K, a, f5) of type 1" in X is not 
affected by 'throwing away' almost all of (3~^{y). 

Lemma 5.2. Let {K,a,(3) be a spreading of type {Y,y) in X. Let C C K 
be the closure of K — f3^^{y). Then 

[{C,a\c,P\c)] = [{K,a,(i)]eJ{X-Y) 
Proof. Let i: C ^ K he the inclusion. The mapping cylinder 

CxLUK 

Mi 



(c, 1) ~ i(c) ' 

along with the obvious maps Mj — > X x / and Mj Y, gives the required 
bordism of spreadings. □ 

Suppose we have constructed T{K, a, 13) as above, and let U be an open 
tubular neighbourhood of the submanifold M C — Again by 

arguments found in J2] , is further homotopic to a map (3" : — > TC, in 
standard form, that is to say, [3" agrees with the vector bundle morphism 
v. ^{f) ^ C on U and maps K — U to the base point * S T(". Since 
J{Nj^]—) is a homotopy functor, {K,a,f3) is bordant to {K,a,(3"). Then 
by Lemma l5?2l {K,a,f3") is bordant to {Di'{f),a\£,^(^f), which is 

a representative of QT[(K,a, P)]. 

With the aid of this inverse to G, the statements about naturality can 
be easily verified. □ 

The next result says that the isomorphism O behaves well with respect 
to products and the self-intersection operations. 
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Theorem 5.3. The following are commutative diagrams. 



G 



e 



I{N;OxI{N';C) 



I{N;SrC) — JiN+;D,TC) 

. , B X e 



:^(iv+;rc)xj^(ivi;rO 



T(A^x A^';CxC') 



e 



A 



Ji{N X N')+;TCATC') 



Proof. We shall prove commutativity only of the first diagram, the proof for 
the second diagram being a simplification of this. 

Note that an embedding p: ^{f) restricts to an embedding of 

Dv^f), which we shall also denote by p. Thus the same embedding can be 
use to define both Sr{v) and Sr{y) (see §3.4 and §4.4). 

We begin with a class [M, /, v] G 1{N\ Q with f-.M^-^N self-transverse, 
and apply G to obtain a spreading {Di'{f),F,v) of /. The spreading 
{Ar{F),'^r{F),Sr{v)) represents o Q[M, f,v], where 

Ar{F) = {[xi,. ..,xr]e HDv{f)\r)/Sr I F{xi) = ... = F{Xr)} 

and ^r{F){[xi, ■ ■ ■ ,Xr]) = F(xi). We shall apply T to this spreading. 

The map Sr(y) : Ar{F) DrTC is already transverse to the zero section 

by virtue of being constructed from a product of bundle maps v: — > 
E{Q. We then see that 

Sr{v)-\TiR^;r) xg^ X^) = A,(/) ^ A,(F). 

Since the immersion iprif) factorises as 

A,(/) ^ Ar{F) AT, 

its normal bundle is isomorphic to the normal bundle of Ar{f) in Ar{F). 
Thus 

To^!,o@[M,f,v] = [Ar{f),Mf),Mv)]=A[M,f,v] 
as claimed. □ 
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6 The Main Result 



In this section, / : M"'~^ S-» iV" will be a self-transverse immersion of closed 
manifolds whose normal bundle has a ^-structure given by a bundle map 
V : v{f) C- For every I G N the standard double cover q : ^ MP' is 
a local homeomorphism, and hence an immersion. Therefore q represents 
an element [q] € T(MP';*), where :*r denotes the trivial point bundle over 
a point. The immersion of closed manifolds c; x / : x M RP' x N 
represents a class 

[q X /] G J(MP' X iV;* X C) = X(MP' x N; Q) 

We wish to examine the bordism class of the double point immersion of 
q X /, that is, the class 

V-sh X/] G2:(RP' xiV;52C). 

Since q x / is not self-transverse, we shall employ the technical results of 
§5, which allow us to look instead at the double points of its spreading. 

First we must recall some notation from §2.2, where the internal Steen- 
rod operation in MO-cobordism was constructed as a limit over I of 
transformations 

Vf: UO^{X) M02*^(RP' x X). 
Given our immersion / : M 9-^ iV we have defined an immersion 

A,(/): S' xz2M(2) -^5' xz^iV^'^ 

extending f x f, and an immersion Clif)- ^(/) ~^ ^P'' ^ ^ which was 
the pullback of Xi{f) along a transverse representative of the generalised 
diagonal embedding 

: RP^ xN ^ xzj iV(2)_ 

Lemma 6.1. The immersions Xi{f) and ^i{f) have a S2C,-structure on their 
normal bundles. 

Proof. Since ^i{f) is a pullback of Xi{f), by §3.2 it suffices to prove the 

statement for Xi{f). Let p: v{f) ^ M be the projection of the normal 
bundle of /. Then the normal bundle v{\i[f )) of A;(/) has projection 

1 xz2 p(') : -S' xz2 ^ xz, M^^). 
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We fix, for the remainder of this paper, an embedding p: S x v{f) ^ M°°. 
Then define a bundle map \i{v) : v{\i{f )) — > S2C, by setting 

Xl{v)[w, Xl,X2] = [p{w,Xl),p{-W,X2),v{xi),v{x2)] 

where w £ and xi,X2 E □ 

Theorem 6.2. x f] = Mf)] + Q x V'ai/] G 2:(MP' x N;S2C). 

Proof. Since = (^Z2)*['^'(/)]' apply © and use the results of 

§5 to reduce the statement of the Theorem to the equivalent statement 

*2e[Q X /] = (A^j*e[Az(/)] + g[q] a ^2e[f] g Jmp' x iv)+; z^sTC). 

To prove this version, we need to find a spreading of q x /. The normal 
bundle i^(q x /) has projection 1 x p: S*' x iy{f) ^ x M, and a C- 
structure vq- v{ci x /) — > given by vq{w,x) = v{x). Hence 0[q x /] G 
X A^)+; TC) is represented by the triple {S^ x Dv{f),ci xF,vq), where 
F : Di>{f ) is a spreading of /. 

We now apply the operation ^'2 to this spreading. We obtain the class 
^20[q X /], represented by the triple 

(A2(q X F),^2(Q X F),S2(,vo)) 

where the map S2{vo) is defined as in §4.4, using the embedding p: x 
Di^{f) ^ from the proof of Lemma l6. II Now A2(q x F) is the compact 
space defined as 

{[{wuxi),iw2,x2)] e J^iS^xDi^{f);2)/Z2 \ {cixF){wi,xi) = (q xF)(w;2, X2)}, 

which splits as a disjoint union of compact spaces A2(q x F) = Si U S2, 
where 

El = {[{w, xi), {-w, X2)] G A2(q X F)}, 

S2 = {[{w, xi), {w, X2)] G A2(q X F) \xi^ X2}. 

Hence ^'20[q x /] splits as a sum of bordism classes. 
We claim that the triple 

(Si,^'2(q xF)|s,,52(iro)|sJ 

represents (A^J*e[A/(/)] G J(RP^ xN; D2TC). From LemmaEH a spread- 
ing ©[A;(/)] of A/(/) is given by the triple 

(5'xz, DK/)^'\ixz. f(^\m^)). 
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To obtain (Al )*G[Ai(/)] we must form the pullback 



MP' X 




Here i is the inclusion of 



S(F) = {[w,xi,X2] G Du{f)^^^ I = F{x2)} 

and ^;(F)[u;,a;i,X2] = ([w], Hence (Al )*6[A;(/)] is the class of 



There is a diffeomorphism Si « given by [{w, xi), {—w, X2)] ^ [w, xi,X2] 
under which ^i{F) agrees with ^2{ci x F)|si and \i{v) o i agrees (by con- 
struction) with 52(^)|si- This proves the claim. 
It remains only to show that the triple 



represents the product spreading 0(q) A ^'20[/]. This product may be 
represented by the triple 

(S^xA2(F),QX^'2(i^),(S(5)o), 
where for 1 = (1, 0, . . . 0) G and {w, [xi,X2]) e x A2{F), 

{^2{v))q{w,[xi,X2]) = [p{l,Xl),p{l,X2),v{xi),v{x2)] 

Under the diffeomorphism S2 ~ S*' x A2{F) given by [{w,xi),{w,X2)] ^ 
{w, [xi,X2]), the maps ^'2(qxF)|s2 andqx^'2(F) agree. The map 52(t^))|s2 
corresponds to the map 



Assuming that p extends to an embedding of -D' x Du{f), where is the 
unit disc, this map is homotopic to {S2{v))q. This proves the claim and the 



{E{F),Ci{f),Xi{v)oi). 



(E2,*2(q xF)|s2,52(tro)|s2) 



{W, [XI,X2]) ^ {p{w,Xl),p{w,X2),v{xi),v{x2)). 



theorem. 



□ 
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Having obtained this result for every I eN, we would like to pass to the 
limit and say something about the double point immersion of c x / : S°° x 
M ^ MP°° X A^, where c is the universal principal Z2-bundle. Care must be 
taken, since 5"°° is not closed and we have not yet defined C) on infinite 
dimensional manifolds. 

Definition 6.3. Let X be an infinite dimensional manifold without bound- 
ary, filtered by finite dimensional submanifolds Xi such that dim{Xi^i) > 
dim{Xi) for I > 1 and [J^ Xi = X, forming a direct system of embeddings 

jl 32 jl-1 jl 

Xi '—>■ X2 '—>■.. . ^ Xi ^ . . . ^ X. 

Then the induced homomorphisms {ji)* ■ I{Xi^i;Q — > I{Xi;Q form a di- 
rect system, and we may define 

I{X;0 :=limX(X,;C). 

Proposition 6.4. For each r > 1 the operations ipr : I{Xi; Q — > I{Xi;SrC) 
give a morphism of direct systems over I, and so induce an operation 

^r-. I{X;C)^I{X;SrO 

by passage to the limit. 

Proof. The operations tpr Sive natural. □ 

As an example of the above we have the infinite dimensional manifolds 
MP°° and RP°° x N, filtered by the inclusions : MP' ^ MP™ and if" x 
1 : MP' X N ^ MP"* X N ioT I < m. We make the following definitions: 

[c] =lim[q] GX(RP°°;*), 

[c X /] = lim[q X /] G X(MP°° x iV; C), 
= lim[6(/)] € X(MP~ X N;S20. 

Corollary 6.5. 

Mc X /] = m)] + c X V2[/] e 2:(RP~ X N;S20. 
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This result relates to the Steenrod operations of §2 in the following man- 
ner. An immersion of closed manifolds /: M"~^ 9-^ N"' is proper and so 
also represents a class [/] € MO''{N). In fact this describes, for any k- 
dimensional bundle a natural transformation from Z{N;C,) to MO'^(A^) 
which preserves sums and products. A similar transformation exists when 
N is infinite dimensional and filtered as in Definition 16.31 by passage to 
inverse limits. 

Now recall from §2 that there exist Steenrod operations of type (Z2, 1) in 
the theories MO* and HZg. Denoting both corresponding internal operations 
by "P, Proposition 12.141 implies that ^ o "P = "P o /i, where fi: MO* — > HZg 
is the multiplicative natural transformation given by the universal Thom 
class. We shah say that [/] G MO^(iV) and ^[/] G H^{N; Z2) (which is dual 
to the homology class /*[M] G //„_fc(A^; Z2)) are both represented by the 
immersion f: M N. Note that ^(/) represents V^[f], and in fact we 
have the following. 

Corollary 6.6. 

^^[c X f]=r''[f]+cx V'2[/] G M02'^(IRP°° X N), and 
f^Mc xf]= -P'fiif] + fi[c] X fi^2[f] e H^'^iRP"^ X N; Z2). 

Now fj.[c\ is defined as the limit over / of elements n[ci] G if°(MP';Z2), 
which are the Poincare duals of elements (q)*[S'^] G -ff;(MP';Z2). Since the 
double cover q has degree ±2 these elements are all zero, and so is fi[c]. 
This leads us to the following result, which gives a geometric construction 
of the internal Steenrod operation on cohomology classes represented by 
immersions. 

Corollary 6.7. Let a G H^{N;Z2) be represented by f : M"^'^ iV". 
Then V^a G H'^^(M.P°°xN; Z2) is represented by the double point immersion 
of cx f, where c: S°° M.P°° is the universal double cover. 

Remark. The analogue of 16.61 holds true in MP* when T = U or Sp 
and the immersion / has a complex or symplectic structure on its normal 
bundle. The operations of type (^2,1) in these theories are constructed 
geometrically using finite manifolds as in §2.2. Of course, the conditions of 
Lemma |2.11l are not satisfied by the spectra MU, MSp; however it is not 
always necessary to pass to the limit and many authors prefer not to do so. 

The analogous theorem is false when P = SO or SU, since Z2 consists 
of an odd permutation. 
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